Introduction. One of the most basic theorems in harmonic analysis on locally compact commutative groups is Bochner's theorem (see [16, p. 19] ). This theorem characterizes the positive definite functions. In 1971, R. Lindhal and P. H. Maserick proved a version of Bochner's theorem for discrete commutative semigroups with identity and with an involution * (see [13] ). Later, in 1980, C. Berg and P. H. Maserick in [6] generalized this theorem for exponentially bounded positive definite functions on discrete commutative semigroups with identity and with an involution *. In this work we develop these results, and also the Hausdorff moment theorem, for an extensive class of topological semigroups, the so-called "foundation topological semigroups". We shall give examples to show that these theorems do not extend in the obvious way to general locally compact topological semigroups.
In Section 2 of this paper, we prove a version of Bochner's theorem for the w-bounded, continuous, positive definite functions on a foundation topological semigroup with a continuous involution and a Borel measurable weight function w. Next, in Section 3, we study the spectral theory of operator-valued transformations on weighted foundation topological semigroups. We devote Section 4 to a brief discussion on the semisimplicity of some certain commutative weighted measure algebras. Finally, in Section 5, we develop the Hausdorff moment theorem on foundation topological semigroups. becomes a Banach algebra. Furthermore, for every w-bounded Borel measurable function/and every /z, v in M(S, w) we have Moreover, L(S, w), the space of all measures /x in M(S, w) such that w|/x| G L(S) y is a two-sided ideal of M(S, w) which is also solid in M(S, w), in the sense that; given ti G L(S, w) and v G M(S, w) such that v is locally absolutely continuous with respect to /x (that is; \v\ (F) = 0 for every compact subset F oî S with |/A| (i 7 ) = 0), then v G L(5', w). The algebra M K (S), the space of all measures in M(S) with compact supports, and L K (S)( = M K (S) n L(S) ) are w norm ( ||o|| w ) dense in M(S, w) and L(/S, w), respectively. We also recall from Lemma 4.8 of [12] that if S is foundation and fis a w-bounded continuous function on S such that
J s f(x)dii(x)
= 0 for all ti G L(S, w), then/vanishes identically on S. Throughout this paper we shall assume that w is a Borel measurable weight function such that w(x) > 0 for all x G S, and that w and 1/vv are locally bounded. Definition 1.3. A (not necessarily bounded) complex-valued function x on a topological semigroup S is said to be a semicharacter if xOxy) = x00x(>0 for every x, y G 5.
If S has an involution * (a map *:S -> S such that (JC*)* = JC and (jcy)* = J>*JC* for all JC, y G S), and x is a semicharacter on 5 such that x(**) = xOO f°r all * G £, then x is said to be a *-semicharacter. We denote the set of all bounded and continuous semicharacters on S by S.
A

It is clear that if x
e S then lx(*) 1^1 for all JC G S.
A
The space of all *-semicharacters in S will be denoted by S*. A semicharacter x on S is said to be positive if xOO = 0 for all JC G S. We denote by S+ the space of all positive semicharacters in S. If S has a weight function w, then the spaces of all w-bounded and continuous semicharacters on S will be denoted by T w . It is evident that if x G T H , then 1x00 I ^ H>0O for all JC G 5.
If 5 has an involution *, then we denote by T* the space of all *-semicharacters in T w . Finally, for a locally compact Hausdorff space X, we denote by C(X), C 0 (X), and CQQ(X), the algebras of all continuous complex-valued functions on X that are bounded, vanish at infinity, or have compact support, respectively.
The
Bochner theorem for w-bounded positive definite functions on foundation semigroups with a weight w. In this section, among other things, we shall prove a version of Bochner's theorem for the w-bounded continuous positive definite functions on a commutative locally compact foundation semigroup S with identity and with a continuous involution * and with a Borel measurable weight function w such that w(x*) = w(x) for all x G S. We now turn to a central lemma concerning the w-bounded continuous positive definite functions on a topological semigroup with a weight function w. Thus, 7^ defines a bounded linear functional on M(S y w). By the use of (i) of Lemma 2.2, we infer that
T^l».*) = TjÏÏ for every it G M(S, W).
To prove that 7^ is a positive functional, that is;
we only need to establish this inequality for all v G A/(S, w) which are of the form/-jit where/ G C 00 (S) and / A is a positive measure in M(S, w), by the w-norm density of M K (S) in M(S 9 w). Therefore we consider v G M (S, w) with v = /• ju where/ G CooOS) and /x is a positive measure in M(5, w). Since <| > is w-bounded, from (1) it follows that
For simplicity we denote the function (x, y) -
by A. We then have (2) /*(*,>>) = Âô^ô, (*,>> G 5).
Let AT denote the support of/ Then h is continuous on A^ X K. It is also obvious that supp(/z) Q K X K. We now prove that for every positive 6, K can be partitioned into disjoint Borel sets E ]9 . . . 9 Ej such that E t contains a point x i with (2) and (6) we have
From this we get the desired inequality (3) by putting x t equal to x k .., for / = 1,...,/. Suppose again we are given e > 0. Then we choose a partition {£/}/=! for # into Borel sets such that each E l contains a point x t which satisfies (7) \f ( Since by (7)
it follows that XX ftoTÏFMxy'yiKxWy)
can be approximated by summations of the form 2 viEtfixMEjWxjWxpf).
By using the fact that <$> is positive definite we conclude that
and therefore 7^ is a positive functional. Now for every /A, *> e M(5, w) we denote 7^(/A * *>*) by (/A, i>). Then (jit, /A> = 0 for all / A e M(S, w), and it is also clear that (/A, V) is linear in /A. Since <> is w-bounded, by the use of (1) and with the aid of Lemma 2.2, we can easily prove that
These are just the properties of the Hilbert space inner product which are needed for the standard proof of the Cauchy-Schwarz inequality. In our case the inequality is
Since T(= S,) <= M (S, W), from (8) for all ju e M(5, w). Statement (ii) is obtained by choosing k = <K1), and so the proof is completed.
As a consequence of the above lemma we obtain the following result. THEOREM 
Let S be a foundation topological semigroup with identity and with a continuous involution *. Suppose that w is a weight function on S such that w(x) = w(x*) for all x e S. A complex-valued function <f> on S is w-bounded, continuous, and positive definite if and only if there exists a w-bounded continuous *-representation V of S by bounded operators on a Hilbert space H such that
Proof. The "if part is trivial. To prove the converse we suppose that <j> is a w-bounded continuous positive definite function on S. Then the formula
defines a bounded positive linear functional T^ on the Banach *-algebra L(S, w) which also satisfies the conditions (i) and (ii) of Lemma 2.3. Therefore, by Theorem 21.24 of [9] , there exists a cyclic ^representation T of L(S, w) by bounded operators on a Hilbert space H, with a cyclic vector £ such that
So, by Theorem 5.4 of [12] , there exists a w-bounded and continuous ^representation V of S by bounded operators on H such that
Now, from (9) and (10) it follows that
Since both functions <j> and x -> (VJ-, £) are continuous, from (11) we have
4<x) = {V£i) (x e S).
This completes the proof of the theorem.
It seems probable that the above result is true for all topological semigroups; it is certainly true if w = 1 (see [13, Theorem 3.2 
] ).
A combination of the above theorem (with w = 1) and Theorem 3.4 of [12] leads us to the following result. THEOREM 2.5. Let S be a foundation topological semigroup with identity and with a continuous involution *. Then the following are equivalent:
set of all bounded and continuous * -representations on S separates the points of S; (iv) the set of all bounded continuous positive definite functions on S separates the points of S.
We shall now prove a theorem which is useful in the sequel. THEOREM 
Let S be a commutative topological semigroup with identity and with a continuous involution *. Suppose that S, with the topology of uniform convergence on compact subsets of S, is a locally compact (Hausdorff) space. Let T be a closed subset of S*. If X e M(T) is such that
Proof Suppose that X ¥= 0. For each x G S we define 3c on T by 3c(x) = x(*) f°r a U X G r. It is clear that A, the algebra generated by the set {x:x G S}, defines a self-conjugate subalgebra of C(T) which separates the points of T and contains the constant function This contradiction shows that X = 0, which completes the proof of the theorem.
Our next proposition shows that when S is considered without involution and T is chosen to be the whole of S, then the above theorem may fail. PROPOSITION 
Let S be a commutative topological semigroup such that S with the topology of uniform convergence on compact subsets of S is a locally compact (Hausdorff) space. If there exist a
The proof is now complete.
We now include a result, which is of interest in its own right, although no direct use of it will be made. PROPOSITION 
Let S be a commutative topological semigroup with identity and with a continuous involution * such that S* separates the points of S, and suppose that S with the topology of uniform convergence on compact subsets of S is a locally compact (Hausdorff) space. Then S is an inverse semigroup with x = x* (x G S), where x is the inverse of x in S, if and only if the only X G M (S) with
Proof Suppose that S in an inverse semigroup such that x* = x~ for every x G S. Since S* separates the points of S, from Theorem 3.4 of [1] it follows that S* = S. Therefore if X is any measure in M(S) such that We now return to our main line of this section in which we shall develop the Bochner theorem. Proof It is obvious that <j> is w-bounded. To prove the continuity of <#> we may (and so will) assume that À^O. Let x 0 be a fixed point of S and V 0 be a compact neighbourhood of x 0 and suppose that k = sup{w(jc):jc e V 0 ).
For every positive c, by the regularity of X, there exists a compact subset K of r^; such that This proves the continuity of <j >. The last assertion is easy to establish.
We now give a useful theorem which generalizes Theorem 4.4 of [4] . THEOREM 
Let S be a commutative foundation topological semigroup with identity and with a weight function w. Then there exists a one-to-one correspondence between T w and L(S, w)
A which is defined as follows:
the corresponding h in L(S, w)
A is given by
and (n) for each h e L(S, w)
A the corresponding x in ^w is given by 
Let p be a positive functional on A satisfying conditions (i) and (ii) of Lemma 2.3 (with p = 7Y). Then there exists a nonnegative measure X e M(A) such that (14) p(x) = J A x(r)dX(r) for all x G A. Conversely, every functional of the form (14) is positive and linear and satisfies (i) and (ii) of Lemma 2.3.
Proof. The proof easily follows by adjoining an identity to A and using the results given on page 120 of [15] , and the integral form of the Krein-Milman theorem [15, p. 6] .
The next result is our main result of this section.
THEOREM 2.12. (The Bochner theorem for w-bounded positive definite functions on foundation topological semigroups). Let S be a commutative foundation topological semigroup with identity and with a continuous involution *. Suppose that w is a weight function on S such that w(x*) = w(x) for all x e S. Then a function <f>:S -> C is w-bounded and continuous positive definite if and only if there exists a nonnegative measure \ç in M(T*) such that
f. ( 
15) fa) = j r ,x(*)A»(x) (x e S).
Moreover, if either w = 1 on S or X^ has a compact support, then X^ is unique.
Proof. The "if" part follows from Theorem 2.9. Conversely, suppose that <J > is a w-bounded continuous positive definite function on S. Therefore, 7^, which is is given by L(S, w) ), defines a bounded positive linear functional on the Banach *-algebra L(S, w), which also satisfies (i) and (ii) of Lemma 2.3. Thus by Theorem 2.11, there exists a positive measure X^ e M(A) such that
for all fi e L(S, w), where A is the set of all bounded nonzero *-multiplicative linear functional on L(S, w). Now, if we apply the identification formulae (12) and (13) of Theorem 2.10, we see that A is homeomorphic to T*, moreover, for every JU, e L(S, w) from (16) and (17) we obtain
(by Fubini's theorem). Js Jr* By Theorem 2.9 the map
L X(x)d\ 4 ,(x)
is a w-bounded and continuous function, and since <j> is also w-bounded and continuous, from the above equalities it follows that L «x) = J r: x(x)dX <t> (x) (x e 5).
This justifies the formula (15) . If w = 1 on S, then the uniqueness of X^ follows from Theorem 2.6. In the case when À. has compact support, the proof of uniqueness of X^ is essentially the same as part (ii) of the proof of Theorem 2.1 of [6] .
Remark. Let S be the topological semigroup ( [0, 1], min) (with the usual topology and with the natural involution x* = x for all x ^ S). Let <j > be a continuous nonconstant increasing positive function on S. From Proposition 7.1 of [5] it follows that <j> is positive definite. Now, if the Bochner theorem holds for S, then <j> must be constant, since S* = {1}. This contradiction shows that our version of Bochner's theorem for foundation topological semigroups fails for this non-foundation semigroup.
The spectral theory of vi-bounded continuous positive definite operator-valued functions.
In this section we shall give an integral representation of the w-bounded continuous positive definite operatorvalued functions, in terms of the operator-valued measures on T*, on those commutative foundation topological semigroups with identity which have a continuous involution *, and a weight function w. For the most parts of this section, our notation and definitions will follow the standard lines of [14] . However, we shall state some of the less well known definitions of this reference. Remark. The original form of this definition is due to P. H. Maserick [14] . As that author has suggested, the above definition is that which is needed there, and which we shall need. The following theorem is the main result of this section. THEOREM 
Let S be a commutative foundation topological semigroup with identity and with a continuous involution *. Suppose that w is a weight function on S such that w(x) = w(x*) for all x G S. Then an operator-valued mapping 4>ofS into the bounded operators on a Hilbert space H is w-bounded, weakly continuous, and positive definite if and only if there exists a positive operator-valued measure E on T* such that
<H*) = ) r . x(*)dE x (x e S).
Furthermore, if either w = 1, or for every Borel subset B of T* the support of E(B) is compact, then E is unique. Moreover, <j> is a w-bounded continuous *-representation if and only if E is a spectral measure.
Proof Using the techniques of the proof of Theorem 2.9, we can easily prove that for each positive operator-valued measure E on T*, the mapping <f> which is given by 
(by Theorem 2.10)
(by Fubini's theorem).
Since both the functions
and 0| are w-bounded and continuous, from these equalities it follows that
^( x) = Sn x(x)d(E x (-)t, o
for all x e S and £ e //. Now an application of the polarization identity gives
for all x e 5 and all £, 17 e 7/. The proof of the uniqueness of E is similar to the proof of the uniqueness of X in Theorem 2.12. Suppose now that £ is a spectral measure. Then it is easy to see that <f > is a w-bounded continuous ^representation. Conversely, if <t> is a w-bounded continuous ^representation, then by Theorem 2.1 of [12] and Theorem 2.1 of [14], £ is a spectral measure. This completes the proof of the theorem.
Remark. The above theorem generalizes Theorem 3.2 of [14]
and Theorem 2.6 of [6] which deal with discrete semigroups.
The semisimplicity of M(S, w) and L(S, w).
In this section we shall be concerned with establishing a theorem concerning the semisimplicity of M(S, w) and L(S, w), in terms of T w , for a commutative foundation topological semigroup S with identity and with a weight w. This theorem will provide us with new proofs for some well-known results. We shall first establish the following lemma. As a consequence of the above theorem we obtain a new proof for the following two well-known results. The second of these seems to be known previously only for continuous w. 
/s semisimple if and only if lim --log w (7) is a real number.
t^>oo t
Proof. The proof is similar to that of Corollary 4.3.
The
Hausdorff moment theorem for commutative foundation topological semigroups. The Hausdorff moment theorem has been studied extensively in the case of certain classical semigroups and discrete commutative semigroups (see Section 3.3 of [7] ). In this section, we shall develop this theorem on commutative foundation topological semigroups. whenever /A, ^,, . . ., v n are probability measures in A.
The next theorem will enable us to prove the Hausdorff moment theorem for commutative foundation topological semigroups. for all probability measures /x, v, \x x G M(S).
Putting /x = 1 in the above inequality and using the fact that F(\) ^ 1, we obtain
for all probability measures /x, and v in M(S). To prove that Thirdly, suppose that 0 < F(v) < 1. Then TJ-e Af(5)* and ||T|| ^ 1. It is also easy to see that A" 7 ( M ; ""..., "") = J 5x xs A n fd(ii X ^ X ... X "") («4-l)-times for all probability measures jtt, *>,,..., v n in M(S). Since fis completely monotone, it follows that T/IS a completely monotone functional on M(S).
Thus TJ G K. Now, from the integral form of the Krein-Milman theorem it follows that T/is the barycenter of a regular probability measure Ay which is supported by the closure of the extreme points of K. 
X(x)dtyx)M*) (M e L(S)).
Since x "^ is + X(x)d\f(x)
is continuous by Theorem 2.9, and/also is continuous, it follows that fix) = f s+ X(x)d\ f (x) (x e S).
The uniqueness of Ay follows from Theorem 2.6.
The above theorem will allow us to give an easy proof for the following well-known Hausdorff moment theorem for R + . 
